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E-mail address: jean-lin.dequiedt@cea.frThe inﬂuence of the plasticity yield surface – and of its evolution with plastic deformation – on the
development of instabilities in metals is analyzed. Conditions for the activation of slip bands are taken
as an instability criterion. They are exhibited in stress states identical to the ones encountered in a ﬂat
plate in biaxial tension. The classical bifurcation criterion is replaced by a criterion on the growth of a
perturbation at a time scale comparable to the one of the homogeneous solution. This second criterion
reveals less severe than the bifurcation one which is reached for the limit case of an inﬁnite growth rate
in the perturbation approach. The growth rate is a decreasing function of the biaxiality of the loading
which is in agreement with previous studies. The possible destabilizing effect of texture evolution is also
exhibited by using an evolving yield surface the curvature of which increases in the neighborhood of the
homogeneous solution.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Localization phenomena are usually observed in plates in ten-
sion, in every part where the loading is locally equivalent to uniax-
ial or even biaxial stretching in the plane of the plate. They take the
form of multiple necks or networks of shear bands and generally
lead to the fragmentation of the plates. In uniaxial loading, lines
perpendicular to the direction of tension are observed on the sur-
face of the plate whereas in equi-biaxial loading the pattern is
roughly isotropic.
For instance, the phenomenon has been studied in the last dec-
ades in order to evaluate the formability of materials and to display
‘‘forming limit diagrams’’. Localization is usually supposed to be
initiated by elasto-plastic instabilities at the macroscopic scale.
Since the work of Hill (1952), the initiation and growth of these
instabilities is classically analyzed for thin sheets in a plane stress
hypothesis. They are represented as bands in the plane of the sheet
(which would in fact give a neck in the thickness in the case when
the deformation in the plane is not pure shear). In the framework
of Hill study, localization is well understood and justiﬁed in stress
states varying from uniaxial tension (in the plane of the plate) to
the one met in plane strain conditions. It is then possible to deter-
mine a more favorable orientation for the band.
However, for the classical Von Mises plasticity model, neither
the simulations nor the analytical developments display localiza-ll rights reserved.tion in states between plane strain and biaxial tension. The models
were later improved in different ways in order to explain localiza-
tion in such conditions. The ﬁrst kind of approaches replaces the
Von Mises yield surface by a regular one intermediate between
the Von Mises and the Tresca surface (Barlat, 1987). Such surfaces
are exhibited by poly-crystal plasticity simulations of annealed bcc
and fcc isotropic metals. In this case, Barlat (1987) found notice-
ably lower strains for localization than with the Von Mises surface.
The second kind of approaches allows deviation from the normality
rule. Among them are the so-called ‘‘J2-deformation theory’’ of
plasticity (Storen and Rice, 1975; Needleman and Rice, 1978) and
other theories in the same spirit which keep the Von Mises plastic-
ity surface but introduce in the plastic strain rate a component col-
linear to the time derivative of the stress deviator. Such models are
approximations of yield surfaces developing vertices during plastic
deformation which are also displayed by poly-crystal models
(Hutchinson, 1970). The use of deformation theories also gives
localization in biaxial tension (Hutchinson and Neale, 1978).
In a recent work (Dequiedt, 2010), the problem of localization in
uniaxial and biaxial stretching was treated in a slightly different
formalism, by exhibiting a condition for the development of a band
of localization in an inﬁnite tri-dimensional elasto-plastic medium
in small strains and quasi-static loading. This medium was submit-
ted to a stress state equivalent to the one met in a ﬂat plate in biax-
ial tension. The development of the band was treated as a
bifurcation from the homogeneous solution corresponding to a
simple glide in a thin layer (cf. Rice, 1976).
This criterion linked the strain hardening coefﬁcient to the
shape of the plasticity yield surface and the biaxiality rate of the
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the Von Mises yield surface led to a limit hardening coefﬁcient
which is strongly negative in biaxial tension. In other words, mate-
rials would not localize in such loading conditions except for
strongly softening behaviors which are probably never encoun-
tered in real materials. On the contrary, the Tresca yield surface
led to a null limit hardening coefﬁcient for any biaxiality rate,
which is far more favorable to localization. Moreover, the existence
of a vertex point in equibiaxial tension for the Tresca surface gives
several possible orientations for the band. In this former work
(Dequiedt, 2010), it was also proved that the Tresca results were
closer to what is observed experimentally than the Von Mises ones.
The use of the Tresca yield surface is probably an overestima-
tion of the ‘‘vertex effect’’ in equi-biaxial loading where the model
of Barlat only exhibits a surface with a curvature higher than the
Von Mises one. However, according to the poly-crystal simulations
of Toth et al. (1996), it seems reasonable to admit that this curva-
ture may increase with plastic deformation in biaxial loading due
the evolution of the material texture.
In this paper, we study the development of bands by adding two
improvements to the bifurcation analysis of the former work.
First, the bifurcation criterion is replaced by a criterion of
growth of a small perturbation of the homogeneous solution. This
approach was developed by Dudzinski and Molinari (1991) for a
thin sheet in plane stress for rigid visco-plastic material. In their
study, the evolution of the homogeneous solution was neglected
during the time of development of the perturbation; in other
words, their analysis applies to fast growing perturbations. How-
ever, they found that the perturbation growth criterion is weaker
than the bifurcation one: positive growth rates are exhibited in sit-
uations in which no bifurcation occurs in Hill analysis. Thermal ef-
fects as long as anisotropy were proved to favor instability.
In the absence of viscosity, Dudzinski and Molinari also proved
that an inﬁnite growth rate is found when the bifurcation condi-
tions are fulﬁlled. The same result was established for bands of
localization in a tri-dimensional medium by Barbier et al. (1998),
independently of any particular constitutive law. Perturbation
growth conditions were also formulated for bands in an inﬁnite
tri-dimensional medium by Rousselier (1995) for a material having
a rigid plastic behavior with a possible dependence on pressure (in
the case when ductile fracture is activated for instance).
In Section 2, the equations for the evolution of a perturbation are
exhibited for an elasto-plastic material in small strains and they are
particularized to linear isotropic elasticity. The hypothesis of a con-
stant homogeneous solution is relaxed in order to catch perturba-
tions growing with a characteristic time comparable to the one of
this solution. The differences with the bifurcation criterion and the
dependence on the plasticity yield surface and its evolution are
underlined. In Section 3, after recalling the bifurcation conditions,
the growth rates of perturbations are exhibited for the Von Mises
case in biaxial tension and proportional loading path (the homoge-
neous solution keeps a constant direction in the stress space).
In a second time, the effect of the yield surface shape and its
evolution is added to the former developments: the normal to
the yield surface is kept unchanged in the direction of loading
but its curvature evolves with plastic deformation (in order to
model the progressive formation of a corner for example). As was
suggested by Toth et al. (1996), at each time, the surface is approx-
imated by a Hill-ellipsoid in the neighborhood of the homogeneous
solution; the anisotropy parameter is a function of plastic deforma-
tion. In other words, when this parameter increases, the curvature
of the surface also increases in the direction of the homogeneous
solution and a vertex tends to appear. In Section 4, the growth rate
evaluation of Section 3 is repeated by replacing the Von Mises yield
surface by this evolving Hill surface in such a way to quantify the
inﬂuence of the evolving curvature.2. Bifurcation and perturbation growth in elasto-plasticity
2.1. General formulation of the criteria
Let us consider an elasto-plastic material in a hypothesis of
small strains and small rotations. Its mechanical state is character-
ized by its deformation e, its plastic deformation ep and an internal
state variable a which describes the strain hardening associated
with plastic deformation. We suppose that the elastic behavior
and the plastic ﬂow rule are such that, so long as the material de-
forms plastically, it is possible to write the evolution of the stress
tensor and of the internal state variable as functions of the strain
rate:
_r ¼ Lðr;aÞ : _e and _a ¼ Bðr;aÞ : _e: ð1Þ
A band of localization is modeled as a perturbation of the homoge-
neous solution to a quasi-static mechanical problem. This perturba-
tion consists in a simple glide in a thin layer of normal N and the
associated displacement ﬁeld writes:
Du ¼ DuðxNÞM ð2Þ
with:
xN ¼ x  N ð3Þ
In Eqs. (2) and (3), x is the position andM is the direction of glide, N
andM are supposed to be normalized vectors. The strain associated
with the perturbation is:
De ¼ fgradðDuÞgS ¼
1
2
dDu
dxN
ðM Nþ NMÞ: ð4Þ
In Eq. (4), {a}S denotes the symmetric part of a tensor a.
The equilibrium equation is satisﬁed by both the homogeneous
and perturbed solution. It gives the following relation for the stress
Dr associated with the perturbation:
N  Dr ¼ 0: ð5Þ
The bifurcation condition is fulﬁlled when such a perturbation may
appear from the homogeneous solution at a time which is taken as
the origin t = 0. In other words, there is a loss of uniqueness of the
solution of the incremental problem:
Duðt ¼ 0Þ ¼ 0 and D _uðt ¼ 0Þ – 0: ð6Þ
At t = 0, the constitutive relations (1) are written in the following
form for bifurcation, so long as elastic unloading is excluded for
the homogeneous and perturbed solution:
D _r ¼ Lðr1;a1Þ : D _e and D _a ¼ Bðr1;a1Þ : D _e: ð7Þ
In these formulas, index 1 applies for the homogeneous solution.
According to the equilibrium Eq. (5) and as was established in Rice
(1976), the possibility to activate a band of normal N is equivalent
to the loss of positive-deﬁniteness of the so-called ‘‘acoustic’’ tensor
(N  L(r1,a1)  N) and the direction of glide satisﬁes:
ðN  Lðr1;a1Þ  NÞ M ¼ 0: ð8Þ
Unlike the bifurcation condition, the perturbation growth condition
assumes that the perturbation pre-exists at t = 0 and increases with
time:
Duðt ¼ 0Þ – 0 and d
dt
kDuk > 0 for any t > 0: ð9Þ
The evolution of the perturbations in stress, deformation and inter-
nal variable is ruled by the coupled differential equations deduced
from the constitutive relations:
D _r ¼ Lðr1;a1Þ : D _eþ @L
@r
: Drþ @L
@a
: Da
 
: _e1
z x 
σyy = χσxx 
σxx 
x 
z locN ϕloc
y 
Fig. 1. Plate in biaxial tension and orientation of the ﬁrst bifurcation.
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D _a ¼ Bðr1;a1Þ : D _eþ @B
@r
: Drþ @B
@a
: Da
 
: _e1: ð10Þ
Let us remark that for perturbations with an inﬁnite growth rate
compared to the strain rate of the homogeneous solution, the sec-
ond terms in the left side of the equality are negligible compared
to the ﬁrst ones: relations (7) and (10) are equivalent and such per-
turbations obey the bifurcation criterion which is in accordance
with the results of Barbier et al. (1998).
Otherwise, relations (10) differ from the same relations ob-
tained in the bifurcation case by terms depending on the effect
of the perturbed moduli DL and DB on the homogeneous deforma-
tion ﬁeld e1(t).
2.2. Isotropic elasticity and normality of plastic strain rates
In the following, we develop these instability conditions for an
isotropic elastic behavior and a plastic ﬂow satisfying the normal-
ity rule. For this material, elasticity writes:
r ¼ KTrðe epÞ1þ 2Gðe epÞ: ð11Þ
In Eq. (11), K and G are respectively the Lamé and shear moduli.
In the more general form, plasticity is ruled by a yield surface in
the stress space deﬁned by a function F depending on a single
internal state variable a characterizing the strain hardening:
Fðr;aÞ ¼ 0: ð12Þ
The shape of the yield surface is given by the dependence of F on the
different components of r.
The material is supposed to obey the normality rule:
_ep ¼ _k @F
@r
¼ _kn with _kP 0: ð13Þ
In Eq. (13), n is the normal to the yield surface (we assume that the
yield surface is smooth so that the normal is unique). As is usually
the case for metals, the yield surface is supposed to depend only on
the stress deviator s and so n is also deviatoric (the plastic deforma-
tion develops without volume change).
We suppose that the internal state variable characterizing the
strain hardening is the time integral of the plastic multiplier _k
and the sensitivity of F to the internal state variable is noted
h(r,a):
a ¼
Z t
0
_kdt and hðr;aÞ ¼  @F
@a
: ð14Þ
In this case, so long as elastic unloading is excluded, the consistency
condition writes:
_F ¼ n : _r h _k ¼ 0: ð15Þ
It gives the following relation for the plastic multiplier:
2Gðn : _eÞ ¼ _kðhþ 2Gðn : nÞÞ: ð16Þ
So, the incremental relations for the stress tensor and internal state
variable are:
_r ¼ KTrð _eÞ1þ 2G _e 4G
2
hþ 2Gðn : nÞ ðn : _eÞn
and:
_a ¼ 2G
hþ 2Gðn : nÞ ðn : _eÞ: ð17Þ
For such materials, the incremental moduli L and B are functions of
r and a through the normal n and hardening coefﬁcient h. For agiven orientation of band N, the bifurcation condition is also a func-
tion of n and h.
The perturbed moduli DL and DB are functions of the perturba-
tions Dn and Dh. So, the perturbation growth rate depends on the
second derivatives @n/@r, @n/@a, @h/@r and @h/@a of the function F
which characterize the shape of the yield surface around the
homogeneous solution (for a given value of a) and its evolution
with strain hardening.
3. Flat plate in proportional loading with a Von Mises yield
surface
In this section, the relations of Section 2 are particularized to an
isotropic material with a Von Mises yield surface. The material is
also supposed to be loaded in such a manner that the homoge-
neous solution is proportional. The case of the stress encountered
in a plate in biaxial tension is developed.
3.1. Material behavior and homogeneous solution
The Von Mises yield surface is deﬁned by a function F of the fol-
lowing form:
Fðr;aÞ ¼ req  YðaÞ with req ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃs : sp : ð18Þ
In relation (17), the equivalent stress req is deﬁned in such a way
that n is normalized:
n ¼ 1
req
s so n : n ¼ 1: ð19Þ
For the sake of simplicity, the strain hardening is assumed linear:
YðaÞ ¼ Y0 þ Ha so hðr;aÞ ¼ H: ð20Þ
For this behavior, the perturbations on n and h write:
Dn ¼ 1
req
ðDs ðDs : nÞnÞ and Dh ¼ 0: ð21Þ
Let us now suppose that the material is loaded in such a way that
the homogeneous solution corresponds to a10 = 0 (there is no initial
plastic deformation) and that the initial stress state r10 and the
strain evolution are of the following form:
r10 ¼ rm101þ s10n1; ð22Þ
e1ðtÞ ¼ ð _em1 1þ _ed1n1Þt: ð23Þ
The strain rates _em1 and _ed1 are supposed to be constants. In this case,
the stress deviator s and the deviatoric strain ed1 remain collinear to
the normal tensor n1 (which is also the constant normal to the yield
surface). According to relation (17), the stress and internal state var-
iable for the homogeneous solution are:
r1ðtÞ ¼ rm10 þ ð3Kþ 2GÞ _em1 t
 
1þ s10 þ 2GH2Gþ H _e
d
1t
 
n1; ð24Þ
a1ðtÞ ¼ 2G2Gþ H _e
d
1t:
Let us consider the case of the homogeneous solution for a plate in
biaxial tension as presented on Fig. 1, the x and y axes being the
principal directions of stress in the plane of the plate and the z-axis
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Fig. 2. Strain hardening coefﬁcient Hloc (a) and orientation uloc of the ﬁrst bands (b)
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in which v is the biaxiality rate of the stress tensor:
r ¼
rxx
ryy ¼ vrxx
0
0
B@
1
CA: ð25Þ
In this case, the normal tensor writes:
n ¼ 1
req
s ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ d2 þ ð1þ dÞ2
q 1 d
ð1þ dÞ
0
B@
1
CA: ð26Þ
In this expression, d is the biaxiality rate of the stress deviator and is
deduced from the biaxiality rate v:
d ¼ 2v 1
2 v : ð27Þ
The biaxiality is supposed to remain constant during loading, so:
rm10 ¼
1þ dﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ d2 þ ð1þ dÞ2
q s10 and _em1 ¼ 1þ dﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ d2 þ ð1þ dÞ2
q _ed1;
ð28Þ
when different loading paths are considered for v varying from 0 to
1, d varies at the same time from 1/2 to 1. d = 0 corresponds to the
case of plane plastic strain rate:
_ep ¼
_epxx
0
 _epxx
0
B@
1
CA:as functions of the biaxiality rate d.3.2. Bifurcation condition
In the case of Section 3.1, at each time the bifurcation condition
(8) deﬁnes a limit hardening coefﬁcient for the activation of a band
with orientation N (the details of the calculation are in Dequiedt,
2010):
HlimðNÞ ¼ HlimðNÞ2G ¼ 2ððn NÞ
2  CðN  n  NÞ2Þ  1; ð29Þ
In this formula, C characterizes the compressibility of the material
(C 6 1 and C = 1 for an incompressible material):
C ¼ Kþ G
Kþ 2G : ð30Þ
The ﬁrst band to develop when H is decreased has the normal N for
which HlimðNÞ is maximum. The associated hardening coefﬁcient
Hloc and orientation of the bands Nloc are functions of C and of the
normal n.
For the plate in biaxial tension, the ﬁrst bands have their normal
Nloc in the (x,z) plane which contains the minimal and the maximal
of the principal stresses. The glide direction Mloc is the symmetric
of Nloc to the x-axis.
The orientation uloc of Nloc with the x-axis (see Fig. 1) and the
associated hardening coefﬁcient Hloc are functions of the biaxiality
rate d. They are plotted on Fig. 2 for several values of the compress-
ibility C. Except for the case d = 0, the bifurcation criterion leads to
strongly negative values of Hloc . In the small deformation hypothe-
ses, elasticity in shear is a necessity for bifurcation since, for a ﬁxed
H;H tends to 0 when G tends to inﬁnity. Elasticity in compression
slightly favors localization.
The angle uloc increases with d and with the compressibility
(i.e.. with decreasing C). For C = 1,uloc = 45 for any d and theperturbation in strain rate D _e is simple shear. For C 6 1, the
perturbation D _e has a small traction component (or compression
depending on the sense of Mloc).
3.3. Perturbation growth
If we now consider the growth of a perturbation, according to
the form of the incremental stress–strain relation (17) and of the
homogeneous solution (24), relations (10) for the perturbation
become:
D _rþ 1ð2GþHÞs10
4G2 _ed1
þ H2G t
ðDs ðn1 : DsÞn1Þ ¼
KTrðD _eÞ1þ 2GD _e 4G
2
2Gþ H ðn1 : D _eÞn1;
D _a ¼ 2G
H þ 2G ðn1 : D _eÞ: ð31Þ
We are now looking for perturbations which grow proportionally:
DrðtÞ ¼ gðtÞDr^; DeðtÞ ¼ gðtÞDe^¼ gðtÞDf^fMNgS; Da¼ gðtÞDa^:
If perturbations of this form do exist, functions of time and position
can be separated in Eq. (31). So, one can ﬁnd a scalarw such that the
following relations are satisﬁed simultaneously:
g0ðtÞ ¼ w 1ð2GþHÞs10
4G2 _ed1
þ H2G t
gðtÞ ð32Þ
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Fig. 3. Growing rate as a function of the band orientation for different values of H in
the equi-biaxial stress case (d = 1) for a compressible material (C = 0.85).
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wDr^þ ðDs^ ðn1 : Ds^Þn1Þ
¼ w KTrðDe^Þ1þ 2GDe^ 4G
2
2Gþ H ðn1 : De^Þn1
" #
:
ð33Þ
It is easily seen that, for short times, the perturbation grows so long
as w is positive, whether the strain hardening coefﬁcient H be posi-
tive or negative.
Tensors Dr^ and De^ can now be decomposed onto their iso-static
components Dr^m and De^m, their components on n1;Ds^n and De^n,
and their deviatoric components orthogonal to n1;Ds^? and De^?:
Dr^ ¼ Dr^m1þ Ds^nn1 þ Ds^?
De^ ¼ De^m1þ De^nn1 þ De^?
¼ Df^ 1
3
ðM NÞ1þ ðM  n1 NÞn1

þ fM NgS  ðM  n1  NÞn1 
1
3
ðM  NÞ1
 
:
Relation (33) writes on these components:
Dr^m ¼ ð3Kþ 2GÞDe^m; ð34aÞ
Ds^n ¼ 2GH
2Gþ HDe^
n; ð34bÞ
ðwþ 1ÞDs^? ¼ 2GwDe^?: ð34cÞ
The relation of equilibrium (5) written for the perturbation leads to
the following relation:
½a11þ a2ðN NÞMþ a3½ðn1:NÞ  ðn1:NÞM ¼ 0 ð35Þ
with:
a1 ¼ G w1þ w
 
a2 ¼ 3Kþ 2G3 þ
1
3
G
w
1þ w
  
a3 ¼ 2GH2Gþ H  2G
w
1þ w
  
:
Let us suppose that the growth rate w is such that a1– 0 and
a1 + a2 > 0 i.e.,
w – 0 and w > ð4C 1Þ
3
: ð36Þ
In this case, tensor [a11 + a2(N  N)] is invertible and the relation of
equilibrium can be written in the form suggested by Rice (1976):
M ¼ ða1  a2Þ:M ¼ ða2 MÞa1 ð37Þ
with:
a1 ¼ ðn1:NÞ  a2a1 þ a2 ðN:n1:NÞN and a2 ¼ 
a3
a1
ðn1:NÞ:
The condition for the existence of a perturbation of growth rate w is
fulﬁlled when a2  a1 = 1 (then the glide direction M is collinear to
a1). This relation and the differential equation which deﬁnes g(t)
can be written in a non-dimensional form with parameter C and
the non-dimensional hardening coefﬁcient H ¼ H=2G:
ðn1:NÞ2  ð4C 1Þ þ 3Cwð4C 1Þ þ 3w ðN:n1:NÞ
2 þ ð1þ HÞw
2½H  w ¼ 0 ð38Þ
and:
dg
dt
¼ w 1ð1þ HÞs10 þ Ht
gðtÞ: ð39Þ
In these relations, time and the deviatoric stress s10 are made non-
dimensional by dividing them by the characteristic time of the
homogeneous solution and the shear modulus respectively:t ¼ _ed1t and s10 ¼
s10
2G
:
Relation (38) is a second order equation on w. The higher of the 2
solutions gives a perturbation growth rate as a function of the com-
pressibility, the hardening modulus, the normal to the yield surface
and the band orientation: wðC;H;n1;NÞ.
In the ﬂat plate case, we study the orientations N in the (x,z)
plane (u is angle made with the x-axis). w is plotted on Fig. 3 as
a function of u for the equi-biaxial stress case, a compressibility
parameter C = 0.85 and for different values of H. It is shown that
no positive growth rates can be found when the hardening modu-
lus H is positive.
It is also seen on Fig. 3 that for H < 0 a most favorable orienta-
tionumax is displayed which gives the maximum growth ratewmax.
For different values of C and d, wmax and umax are plotted as func-
tions of H in the interval ½Hloc;0 (Figs. 4 and 5).
It is seen on the Fig. 4 that, for any value ofC and d, when H var-
ies from Hloc to 0, wmax decreases from inﬁnity to 0. In other words,
for negative hardening moduli which are higher than Hloc, there ex-
ist perturbations growing at a ﬁnite rate. For a given H, a slight
compressibility gives a slightly higher value of wmax and so favors
localization as has also been exhibited for the bifurcation criterion.
Fig. 5 shows that umax evolves monotonically from uloc to 45;
thus, for H > Hloc, the orientation of the most favorable band is
slightly different from the one of the ﬁrst bifurcation.
Let us now consider the case C = 0.85 and the deviatoric stress
s10 ¼ 0:01. For the different biaxialities d, we can study the growing
functions for hardening coefﬁcients which are the half and the
tenth of the bifurcation hardening coefﬁcient: H1=2 ¼ Hloc=2 and
H1=10 ¼ Hloc=10 respectively. These values and the ones of the asso-
ciated growth rate (w1/2 and w1/10) are reported in Table 1.
The growing functions gðtÞ are plotted on Fig. 6 for t 2 ½0;0:05.
In this time interval, the deformations of the homogenous solution
remain small and the equivalent stress remains strictly positive in
a hypothesis of linear softening:
s10 þ Hð1þ HÞ
t > 0 for t 2 ½0;0:05:
Those graphs show high differences between the case H ¼ H1=10 and
the case H ¼ H1=2. In the case H ¼ H1=10, the growing functions are
nearly linear and grow very slowly. They increase a little more rap-
idly for the low biaxiality rates. In the case H ¼ H1=2 they grow far
more rapidly with approximately the same initial slope for the dif-
ferent biaxiality rates. Yet, the slope increases with time for the
higher biaxiality rates (which nevertheless also correspond to the
lower H1=2Þ.
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Table 1
Growth rate for the hardening coefﬁcients H1=2 ¼ Hloc=2 and H1=10 ¼ Hloc=10 for the
different biaxiality rates.
d H1=2 w1/2 H1=10 w1/10
0.2 0.01139 0.918 0.00228 0.102
0.5 0.05042 0.840 0.01008 0.0933
1 0.11765 0.706 0.02353 0.0784
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Fig. 6. Growing functions for the different biaxiality rates d and H ¼ H1=2 (a)
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d = 1 and H ¼ H1=2, a higher stress giving a weaker growing
function.4. Evolution of the yield surface shape
In this section, the plasticity law of Section 3 is modiﬁed in
such a way to take into account the shape of the plasticity yield
surface and its evolution with plastic deformation. This new con-
stitutive law is then introduced in the perturbation growth
analysis.
Let us assume that this law keeps the homogeneous solution
unchanged, i.e. the stress deviator s remains collinear to a constant
tensor n1 which is normal to the yield surface at each time. How-
ever, the curvature of the yield surface in these points of the stress
space may be different from the one of the Von Mises surface and
may evolve during material deformation.
syy
sxx
1n
Initial yield surface 
Evolving yield surface 
Tangent Hill ellipsoïd 
Uniaxial stress 
Fig. 9. Evolving yield surface in the ðsxx ; syyÞ plane for plane plastic strain – case of a
strain-hardening behavior and a decreasing curvature.
2330 J.L. Dequiedt / International Journal of Solids and Structures 48 (2011) 2324–2332In the neighborhood of the homogeneous solution, the yield
surface is approximated by a Hill-ellipsoı¨d the shape of which is
a function of the internal state variable a. Function F then becomes:
Fðr;aÞ ¼ reqaniso  ðY0 þ HaÞ: ð40Þ
For the sake of simplicity, it is admitted that all the components of
the stress deviator orthogonal to n1 are equivalent. So, the Hill
equivalent stress reqaniso is a function of s
n and s? deﬁned with the
same notations as in Eqs. (34) and of an evolving anisotropy param-
eter B?ðaÞ:
reqaniso ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðsnÞ2 þ B?ðaÞðs? : s?Þ
q
:
It is easily checked that the stress–strain relation remains un-
changed in the direction of n1 and the homogeneous solution re-
mains the same as in Section 3.
When B?ðaÞ > 1, the curvature is higher than in the Von Mises
case and when B?ðaÞ < 1 it is lower. If B?ðaÞ increases with a, the
ellipsoı¨d shrinks in the direction orthogonal to n1 and the curva-
ture of the surface increases in the point corresponding to the
homogeneous solution. For example, this situation was exhibited
by Toth et al. (1996) from poly-crystal plasticity simulations in
equi-biaxial loading (d = 1) for an aluminum sample with an initial
cubic texture. The shapes of such an evolving surface and its tan-
gent ellipsoid in the ðsxx; syyÞ plane are displayed in Fig. 8 (this ellip-
soid has, of course, no sense for stress states far from the
homogeneous solution and the triaxial behavior is not supposed
to be ruled by a Hill surface!).
On the contrary, if B?ðaÞ decreases with a, the ellipsoı¨d widens
in the direction orthogonal to n1 and the curvature of the surface
decreases in the point of the homogeneous solution. Such a situa-
tion was exhibited for the former aluminum sample in plane strain
conditions (d = 0). The evolving surface and its tangent ellipsoid are
displayed in Fig. 9.
The qualitative results exhibited for the aluminum sample may
of course be different for a material with a different crystal struc-
ture or having a different texture.
Let us now consider a material the behavior of which is ruled by
the Hill yield surface given in (40) for both the homogeneous and
perturbed solution. The perturbation growth analysis modiﬁes in
the following way.
In any point of the surface, the normal is:
n ¼ 1
reqaniso
snn1 þ B?ðaÞs?
 
and h ¼ H 
dB?
da ðs? : s?Þ
2reqaniso
: ð41Þ
So, the perturbations on n and h from the homogeneous solution
are:syy
sxx
Equi-biaxial stress 
1n
Initial yield surface 
Evolving yield surface 
Tangent Hill ellipsoïd 
Fig. 8. Evolving yield surface in the ðsxx; syyÞ plane for equi-biaxial loading – case of
a strain-hardening behavior and an increasing curvature.Dn ¼ 1
reqaniso
B?ðaÞDs? and Dh ¼ 0: ð42Þ
The evolution of the perturbation is ruled by the following
relations:
D _rþ B
?ðaÞ
ð2GþHÞs10
4G2 _ed1
þ H2G t
Ds? ¼ KTrðD _eÞ1þ 2GD _e 4G
2
2Gþ H ðn1 : D _eÞn1;
D _a ¼ 2G
H þ 2G ðn1 : D _eÞ: ð43Þ
In the following, we suppose that the yield surface shape parameter
B?ðaÞ is linear in a:
B?ðaÞ ¼ B0 þ B1a: ð44Þ
If we still look for perturbations growing proportionally, the grow-
ing function now satisﬁes:
g0ðtÞ ¼ w B0 þ B1
2G
2GþH _e
d
1t
ð2GþHÞs10
4G2 _ed1
þ H2G t
2
4
3
5gðtÞ ð45Þ
or:
dg
dt
¼ w
B0 þ B1 11þHt
ð1þ HÞs10 þ Ht
gðtÞ in non-dimensional variables:
The growing parameter still obeys (38).
Let us now consider the plate in equi-biaxial loading, a deviator-
ic stress s10 ¼ 0:01 and the hardening parameters H ¼ H1=2 and
H ¼ H1=10. The growing function is plotted for different values of
B0 and B1. On Fig. 10, the case of a constant curvature is considered.
The effect of the curvature is exhibited varying B0 with B1 = 0. On
Fig. 11, the case of an increasing curvature is considered. The effect
of the increasing rate is shown varying B1 with B0 = 1 (the yield sur-
faces superimpose the Von Mises surface for t ¼ 0Þ. In the ﬁrst case,
the growing function slope increases with B0; in the second case,
the growing functions have the same slope at the origin but the
ones with the higher B1 grow faster.
It is conﬁrmed that an initially higher curvature or an increasing
curvature of the yield surface both have a destabilizing effect.
Nevertheless, high values of B0 or B1 (in other words a strongly
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Fig. 11. Growing functions for d ¼ 1;s10 ¼ 0:01 and an evolving anisotropy (differ-
ent values of B1 > 0 and B0 = 1) for the hardening parameters H ¼ H1=2(a) and
H ¼ H1=10(b).
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Fig. 10. Growing functions for d ¼ 1;s10 ¼ 0:01 and a constant anisotropy (B1 = 0
and different values of B0) for the hardening parameters H ¼ H1=2 (a) and
H ¼ H1=10(b).
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growing function.
Let us remember anyway that, in the former developments, the
deviations of the normal n1 which may be induced by texture
evolution are neglected. Only curvature changes are taken into
account, which is the condition for a proportional loading and for
the possibility of quite simple analytic results.5. Conclusion
In this study, the conditions for localization are analyzed in the
simple case of an inﬁnite medium in small deformations and quasi-
static loading. The stress state is representative of the one encoun-
tered in a ﬂat plate in biaxial tension.
Bands of localization are considered. A bifurcation condition
and a condition for growth of a small perturbation of the homoge-
neous solution are performed and compared. The origins of the dif-
ferences between both conditions are emphasized. It is proved
that, for negative hardening coefﬁcients higher than the one
needed for a bifurcation, perturbations may grow with a time scale
comparable to the one of the homogeneous solution. The growing
function of such a perturbation can be written in an explicit form
in the simple case of a homogeneous solution linear in time and
keeping a constant direction in the stress space.
This result is coherent with the one established by Dudzinski
and Molinari (1991) that perturbation growth conditions are
weaker than bifurcation ones. It is also coherent with the results
of Jouve (2010) in linear stability analysis in dynamic loading. In
such studies, the perturbations are generally assumed to grow at
a time scale an order of magnitude shorter than the time scale of
the homogeneous solution but Jouve showed that positive growth
rates are found in biaxial stretching provided that this hypothesis
is partly relaxed.
The evolution of the yield surface shape linked with texture
development in the neighborhood of the homogeneous loading
path is then introduced in a form as simple as possible. More pre-
cisely, the normal n remains constant on the homogeneous path
but the curvature changes and all the directions orthogonal to n
in the stress space are equivalent. An increasing curvature seems
to be a quite realistic assumption to model the formation of a
vertex without loosing the regularity and derivability of the yield
surface. Unlike the vertex, the curvature has no effect on the bifur-
cation conditions. However, it changes the perturbation growth
conditions which depend on the second derivatives of the yield
function. Such perturbations develop more rapidly for a higher
curvature justifying the destabilizing effect of this parameter. At
the same time, with the former hypotheses, the most favorable
orientation of the bands and the glide direction are unchanged
with respect to the isotropic case.
Further developments shall be performed on the effect on local-
ization of the shape of yield surfaces and their evolution with plas-
tic deformation. This applies particularly for materials for which
instability develops after some amount of plastic deformation or
with a low growth rate. In these cases, the changes in the material
texture can no longer be ignored. The deﬁnition of more realistic
evolving yield surfaces shall be deduced from simulations on
poly-crystals for the materials of interest. We can guess that for
such surfaces, perturbation growth conditions as the ones of Sec-
tions 3 and 4 may no longer be displayed in an explicit form.
Finally, both ﬁnite deformation effects and the inﬂuence of the
plate geometry shall be taken into account in addition to yield sur-
face shape effects. The modes of instability of a block of ﬁnite
thickness might be compared to the ones of an inﬁnite medium
as was performed in uniaxial strain by Hill and Huchinson
(1975). It is worth evaluating to which extent the addition of
2332 J.L. Dequiedt / International Journal of Solids and Structures 48 (2011) 2324–2332modes with length scales comparable to the block thickness mod-
ify the conclusions of the previous study.References
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